We give a characterisation of the idempotents of the partition monoid, and use this to enumerate the idempotents in the finite partition, Brauer and partial Brauer monoids, giving several formulae and recursions for the number of idempotents in each monoid as well as various R-, Land D-classes. We also apply our results to determine the number of idempotent basis elements in the finite dimensional partition, Brauer and partial Brauer algebras.
Introduction
In 1927, Issai Schur [57] provided a vital link between permutation and matrix representations. This connection, now known as Schur-Weyl duality, shows that the general linear group GL n (C) (consisting of all invertible n × n matrices over the complex field C) and the complex group algebra C[S k ] of the symmetric group S k (consisting of all permutations of a k-element set) have commuting actions on k-fold tensor space (C n ) ⊗k , and that the irreducible components of these actions are intricately intertwined. In 1937, Richard Brauer [7] showed that an analogous duality holds between the orthogonal group O n (C) ⊆ GL n (C) and the so-called Brauer algebra
At the end of the 20th century, the partition algebras C ξ [P k ] ⊇ C ξ [B k ] were introduced by Paul Martin [50] in the context of Potts models in statistical mechanics. Martin later showed [53] that the partition algebras are in a kind of Schur-Weyl duality with the symmetric group S n ⊆ O n (C) (in its disguise as the group of all n × n permutation matrices). Figure 1 shows the relationships between the various algebraic structures; vertical arrows indicate containment of algebras or groups and horizontal arrows indicate relationships between dual algebras and groups.
The traditional approach to studying the above algebras, collectively referred to as diagram algebras since they have bases indexed by certain diagrams, has been via representation theory [38, 39, 51] . But recent investigations [3-6, 15, 19, 20, 22-24, 46, 49] have taken a more direct approach, probing the so-called partition monoids (and other diagram semigroups) with the tools of semigroup theory, asking and answering the same kinds of questions of partition monoids as one would of any other kind of interesting semigroup, and thereby shedding new light on the internal structure of the diagram algebras. There are two main reasons this approach has been so successful. The first is that the partition monoids naturally embed many important transformation semigroups on the same base set; these include the full (but not partial) transformation semigroups and the symmetric and dual symmetric inverse semigroups, allowing knowledge of these semigroups to lead to new information about the partition monoids. (See also [52] where a larger semigroup is defined that contains all of the above semigroups and more.) The second reason is that the partition algebras have natural bases consisting of diagrams (see below for the precise definitions), with the product of two basis elements always being a scalar multiple of another. Using this observation, Wilcox [58] realised the partition algebras as twisted semigroup algebras of the partition monoids, allowing the cellularity of the algebras to be deduced from structural information about the associated monoid. (Cellular algebras were introduced by Graham and Lehrer [32] and provide a unified framework for studying several important classes of algebras, allowing one to obtain a great deal of information about the representation theory of the algebra; see [16] for the original study of cellular semigroup algebras and also [37] for some recent developments.) The twisted semigroup algebra structure has also been useful in the derivation of presentations by generators and relations [19, 20] . But the benefits of the relationship do not only flow from semigroup theory to diagram algebras. Indeed, the partition monoids and other kinds of diagram semigroups have played vital roles in solving outstanding problems in semigroup theory itself, especially, so far, in the context of pseudovarieties of finite semigroups [3] [4] [5] [6] and embeddings in regular * -semigroups [15, 23] .
It has long been recognised that the biordered set [13, 55] of idempotents E(S) = {x ∈ S : x 2 = x} of a semigroup S often provides a great deal of useful information about the structure of the semigroup itself. In some cases, E(S) is a subsemigroup of S (as in inverse semigroups, for example), but this is not generally the case. However, the subsemigroup generated by the idempotents of a semigroup is typically a very interesting object with a rich combinatorial structure. In many examples of finite semigroups, this subsemigroup coincides with the singular ideal, the set of noninvertible elements [2, 17, 18, 18, 21, 27, 41, 56] ; this is also the case with the partition and Brauer monoids [20, 23, 49] . Several studies have considered (minimal idempotent) generating sets of these singular ideals as well as more general ideals [9, 10, 20, 24, 27-31, 33, 34, 42, 44, 47-49] . Another reason idempotent generated semigroups have received considerable attention in the literature is that they possess a universal property: every semigroup embeds into an idempotent generated semigroup [41] (indeed, in an idempotent generated regular * -semigroup [23] ). There has also been a recent resurgence of interest in the so-called free idempotent generated semigroups [8, 11, 12, 14, 35, 36] although, to the authors' knowledge, very little is currently known about the free idempotent generated semigroups arising from of the diagram semigroups we consider; we hope the current work will help with the pursuit of this knowledge.
Interestingly, although much is known [20, 23, 24, 49] about the semigroups generated by the idempotents of certain diagram semigroups, the idempotents themselves have so-far evaded classification and enumeration. This stands in stark contrast to many other natural families of semigroup; for example, the idempotents of the symmetric inverse monoid I X are the restrictions of the identity map, while the idempotents of the full transformation semigroup T X are the transformations that map their image identically. These descriptions allow for easy enumeration; for example, |E(I n )| = 2 n , and |E(T n )| = n k=1 n k k n−k . It is the goal of this article to rectify the situation for several classes of diagram semigroups; specifically, the partition, Brauer and partial Brauer monoids P n , B n , PB n (though much of what we say will also apply to various transformation semigroups such as I n and T n ). For each semigroup, we completely describe the idempotents, and we give several formulae and recursions for the number of idempotents in the semigroup as well as in various Green's classes and ideals. We also give formulae for the number of idempotent basis elements in the corresponding diagram algebras; these depend on whether the constant that determines the twisting is a root of unity. Our approach is combinatorial in nature, and our results depend on certain equivalence relations and graphs associated to a partition. We remark that our approach does not work for the so-called Jones monoid J n ⊆ B n , which consists of all planar Brauer diagrams; values of |E(J n )| up to n = 19 have been calculated by James Mitchell, using the Semigroups package in GAP [54] , and may be found in Sequence A225798 on the OEIS [1] .
The article is organised as follows. In Section 2, we define the diagram semigroups we will be studying, and we state and prove some of the basic properties we will need. The characterisation of the idempotents is given in Section 3, with the main result being Theorem 5. In Section 4, we enumerate the idempotents, first giving general results (Theorems 7, 8, 10) and then applying these to the partition, Brauer and partial Brauer monoids in Sections 4.1, 4.2 and 4.3. We describe an alternative approach to the enumeration of the idempotents in the Brauer and partial Brauer monoids in Section 5 (see Theorems 30 and 32) . In Section 6, we classify and enumerate the idempotent basis elements in the partition, Brauer and partial Brauer algebras (see especially Theorems 33, 35, 36) . Finally, in Section 7, we give several tables of calculated values. The reader is referred to the monographs [40, 43] for background on semigroups.
Preliminaries
Let X be a set, and X ′ a disjoint set in one-one correspondence with X via a mapping X → X ′ : x → x ′ . If A ⊆ X we will write A ′ = {a ′ : a ∈ A}. A partition on X is a collection of pairwise disjoint non-empty subsets of X ∪ X ′ whose union is X ∪ X ′ ; these subsets are called the blocks of the partition. The partition monoid on X is the set P X of all such partitions, with a natural binary operation defined below. When n ∈ N = {0, 1, 2, . . .} is a natural number and X = n = {1, . . . , n}, we will write P X = P n . Note that P 0 = P ∅ = {∅} has a single element; namely, the empty partition, which we denote by ∅.
A partition may be represented as a graph on the vertex set X ∪ X ′ ; edges are included so that the connected components of the graph correspond to the blocks of the partition. Of course such a graphical representation is not unique, but we regard two such graphs as equivalent if they have the same connected components, and we typically identify a partition with any graph representing it. We think of the vertices from X (resp. X ′ ) as being the upper vertices (resp. lower vertices). For example, the partition α = {1, 4}, {2, 3, 4 ′ , 5 ′ }, {5, 6}, {1 ′ , 3 ′ , 6 ′ }, {2 ′ } ∈ P 6 is represented by the graph α = .
In order to describe the product alluded to above, let α, β ∈ P X . Consider now a third set X ′′ , disjoint from both X and X ′ , and in bijection with X via x → x ′′ . Let α ∨ be the graph obtained from (a graph representing) α simply by changing the label of each lower vertex x ′ to x ′′ . Similarly, let β ∧ be the graph obtained from β by changing the label of each upper vertex x to x ′′ . Consider now the graph Γ(α, β) on the vertex set X ∪ X ′ ∪ X ′′ obtained by joining α ∨ and β ∧ together so that each lower vertex x ′′ of α ∨ is identified with the corresponding upper vertex x ′′ of β ∧ . Note that Γ(α, β), which we call the product graph of α and β, may contain multiple edges. We define αβ ∈ P X to be the partition that satisfies the property that x, y ∈ X ∪ X ′ belong to the same block of αβ if and only if there is a path from x to y in Γ(α, β). An example calculation (with X finite) is given in Figure 2 .
We now define subsets PB X = {α ∈ P X : each block of α has size at most 2}
B X = {α ∈ P X : each block of α has size 2}. Figure 2 : Two partitions α, β ∈ P 6 (left), their product αβ ∈ P 6 (right), and the product graph Γ(α, β) (centre).
We note that PB X is a submonoid of P X for any set X, while B X is a submonoid if and only if X is finite. For example, taking X = N = {0, 1, 2, 3, . . .}, the partitions α, β pictured in Figure 3 both belong to B N , while the product αβ (also pictured in Figure 3 ) does not. We call PB X the partial Brauer monoid and (in the case that X is finite) B X the Brauer monoid on X. Again, if n ∈ N and X = n, we write PB n and B n for PB X and B X , noting that B 0 = PB 0 = P 0 = {∅}. We now introduce some notation and terminology that we will use throughout our study. Let
The rank of α, denoted rank(α), is equal to the number of transversal blocks of α. For x ∈ X ∪ X ′ , let [x] α denote the block of α containing x. We define the upper and lower domains of α to be the sets
We also define the upper and lower kernels of α to be the equivalences
(The upper and lower domains and the upper and lower kernels have been called the domain, codomain, kernel and cokernel (respectively) in other works [19, 20, 23, 24] , but there should be no confusion.) To illustrate these definitions, consider the partition α = from P 6 . Then rank(α) = 1, dom ∧ (α) = {2, 3}, dom ∨ (α) = {4, 5}, and α has upper kernel-classes {1, 4}, {2, 3}, {5, 6}, and lower kernel-classes {1, 3, 6}, {2}, {4, 5}.
The next result was first proved for finite X in [58] , and then in full generality in [26] , though the language used in both papers was different from ours. Finally, we define the kernel of α to be the join
(The join ε ∨ η of two equivalence relations ε, η on X is the smallest equivalence relation containing the union ε ∪ η; that is, ε ∨ η is the transitive closure of ε ∪ η.) The equivalence classes of X with respect to ker(α) are called the kernel-classes of α. We call a partition α ∈ P X irreducible if it has only one kernel-class; that is, α is irreducible if and only if ker(α) = X × X. Some (but not all) partitions from P X may be built up from irreducible partitions in a way we make precise below.
The equivalences ker ∧ (α), ker ∨ (α), ker(α) may be visualised graphically as follows. We define a graph Γ ∧ (α) with vertex set X, and red edges drawn so that the connected components are precisely the ker ∧ (α)-classes of X, and we define Γ ∨ (α) analogously but with blue edges. (Again, there are several possible choices for Γ ∧ (α) and Γ ∨ (α), but we regard them all as equivalent.) We also define Γ(α) to be the graph on vertex set X with all the edges from both Γ ∧ (α) and Γ ∨ (α). Then the connected components of Γ(α) are precisely the kernel-classes of α. To illustrate these ideas, consider the partitions α = and β = from P 6 . Then Γ(α) = and Γ(β) = . So α is irreducible but β is not.
It will be convenient to conclude this section with two technical results that will help simplify subsequent proofs.
Lemma 2. Let α, β ∈ P X and suppose x, y ∈ X. Then (x, y) ∈ ker ∨ (α) ∨ ker ∧ (β) if and only if x ′′ and y ′′ are joined by a path in the product graph Γ(α, β).
, and so on. Such a sequence gives rise to a path
Conversely, suppose x ′′ and y ′′ are joined by a path in the product graph Γ(α, β). We prove that (x, y) ∈ ker ∨ (α) ∨ ker ∧ (β) by induction on the length of a path
, then x = y, and we are done, so suppose t ≥ 1. If z r = w ′′ for some 0 < r < t, then an induction hypothesis applied to the shorter paths x ′′ → · · · → w ′′ and w ′′ → · · · → y ′′ tells us that (x, w) and (w, y), and hence also (x, y), belong to ker ∨ (α) ∨ ker ∧ (β). If none of z 1 , . . . , z t−1 belong to X ′′ , then they either all belong to X or all to X ′ . In the former case, it follows that
The other case is similar. ✷ Lemma 3. Let α, β ∈ P X and suppose A ∪ B ′ is a transversal block of αβ. Then for any a ∈ A and b ∈ B, and any c, d
Proof. Consider a path a = z 0 → z 1 → · · · → z k = b ′ in the product graph Γ(α, β). Let 0 ≤ r ≤ k be the least index for which z r does not belong to X, and let 0 ≤ s ≤ k be the greatest index for which z s does not belong to X ′ . Then z r = x ′′ and z s = y ′′ for some x, y ∈ X with
Since there is a path from x ′′ to y ′′ in Γ(α, β), Lemma 2 tells us that
Characterisation of idempotents
We now aim to give a characterisation of the idempotent partitions, and our first step in this direction is to describe the irreducible idempotents. (Recall that α ∈ P X is irreducible if ker(α) = X × X.)
Lemma 4. Suppose α ∈ P X is irreducible. Then α is an idempotent if and only if rank(α) ≤ 1.
Proof. It is clear that any partition of rank 0 is idempotent. Next, suppose rank(α) = 1, and let the unique transversal block of α be A ∪ B ′ . Every non-transversal block of α is a block of α 2 , so it suffices to show that A∪ B ′ is a block of α 2 . So suppose a ∈ A and b ∈ B. Then there is a path from a to b ′ in (a graph representing) α, so it follows that there is a path from a to b ′′ and a path from a ′′ to b ′ in the product graph Γ(α, α). Since α is irreducible, ker ∨ (α) ∨ ker ∧ (α) = ker(α) = X × X, so Lemma 2 says that there is also a path from b ′′ to a ′′ . Putting these together, we see that there is a path from a to b ′ . This completes the proof that α is idempotent. Now suppose rank(α) ≥ 2 and let A ∪ B ′ and C ∪ D ′ be distinct transversal blocks of α. Let a, b, c, d be arbitrary elements of A, B, C, D, respectively. Since α is irreducible, there is a path from b ′′ to d ′′ in the product graph Γ(α, α). But since a ∈ A and b ∈ B, there is a path from a to b ′′ in Γ(α, α), and similarly there is a path from d ′′ to c. Putting these together, we see that there is a path from a to c, so that A ∪ C is contained in a block of α 2 . But A and C are contained in different blocks of α, so it follows that α could not be an idempotent.
✷
We now show how idempotent partitions are built up out of irreducible ones. Suppose X i (i ∈ I) is a family of pairwise disjoint sets, and write X = i∈I X i . We define i∈I
which is easily seen to be a submonoid of P X , and isomorphic to the direct product i∈I P X i .
We call α i the restriction of α to X i , and we write α i = α| X i and α = i∈I α i . We are now ready to prove the main result of this section, which gives a characterisation of the idempotent partitions.
Theorem 5. Let α ∈ P X , and suppose the kernel-classes of α are X i (i ∈ I). Then α is an idempotent if and only if the following two conditions are satisfied:
(i) α ∈ i∈I P X i , and
(ii) the restrictions α| X i all have rank at most 1.
Proof. Suppose first that α is an idempotent, but that condition (i) fails. Then there is a block A ∪ B ′ of α such that A ⊆ X i and B ⊆ X j for distinct i, j ∈ I. Let a ∈ A and b ∈ B. Since α is an idempotent, A ∪ B ′ is a block of α 2 , and we also have
. But this contradicts the fact that a ∈ X i and b ∈ X j , with X i and X j distinct kernel-classes. Thus, (i) must hold. It follows that α = i∈I α i where α i = α| X i for each i. Then i∈I α i = α = α 2 = i∈I α 2 i , so that each α i is an irreducible idempotent, and (ii) now follows from Lemma 4.
Conversely, suppose (i) and (ii) both hold, and write α = i∈I α i where α i ∈ P X i for each i. Since rank(α i ) ≤ 1, Lemma 4 says that each α i is an idempotent. It follows that α 2 = i∈I α 2 i = i∈I α i = α. ✷
Enumeration of idempotents
For a subset Σ of the partition monoid P X , we write E(Σ) = {α ∈ Σ : α 2 = α} for the set of all idempotents from Σ, and we write e(Σ) = |E(Σ)|. In this section, we aim to derive formulae for e(K X ) where K X is one of P X , B X , PB X . The infinite case is essentially trivial, but we include it for completeness.
Proof. Since B X ⊆ PB X ⊆ P X and |P X | = 2 |X| , it suffices to show that e(B X ) = 2 |X| . Let A = {A ⊆ X : |X \ A| ≥ ℵ 0 }, and let A ∈ A . Let β A be any element of B X with dom
The rest of the paper concerns the finite case so, unless stated otherwise, X will denote a finite set from here on.
For a subset Σ of P X , we write C(Σ) for the set of all irreducible idempotents of Σ. So, by Theorem 5, C(Σ) consists of all partitions α ∈ Σ such that ker(α) = X × X and rank(α) ≤ 1. We will also write c(Σ) = |C(Σ)|. Our next goal is to show that we may deduce the value of e(K n ) from the values of c(K n ) when K n is one of P n , B n , PB n .
Recall that an integer partition of n is a k-tuple µ = (m 1 , . . . , m k ) of integers, for some k, satisfying
We write µ ⊢ n to indicate that µ is an integer partition of n. With µ ⊢ n as above, we will also write µ = (1 µ 1 , . . . , n µn ) to indicate that, for each i, exactly µ i of the m j are equal to i. By convention, we consider µ = ∅ to be the unique integer partition of 0.
Recall that a set partition of X is a collection X = {X i : i ∈ I} of pairwise disjoint non-empty subsets of X whose union is X. We will write X |= X to indicate that X is a set partition of X. Suppose X = {X 1 , . . . , X k } |= n. For i ∈ n, write µ i (X) for the cardinality of the set {j ∈ k : |X j | = i}, and put µ(X) = (1 µ 1 (X) , . . . , n µn(X) ), so µ(X) ⊢ n. For µ = (1 µ 1 , . . . , n µn ) ⊢ n, we write π(µ) for the number of set partitions X |= n such that µ(X) = µ. It is easily seen (and well-known) that
If α ∈ P n has kernel classes X 1 , . . . , X k , we write µ(α) = µ(X) where
in the alternative notation for integer partitions.
The numbers e(K n ) satisfy the recurrence:
The values of c(K n ) are given in Propositions 13, 17 and 22. Proof. Fix an integer partition µ = (m 1 , . . . , m k ) = (1 µ 1 , . . . , n µn ) ⊢ n. We count the number of idempotents α from K n with µ(α) = µ. We first choose the kernel-classes X 1 , . . . , X k of α, with |X i | = m i for each i, which we may do in π(µ) ways. For each i, the restriction of α to X i is an irreducible idempotent of K X i , and there are precisely c(
Multiplying by π(µ) and summing over all µ gives the first equality.
For the recurrence, note first that E(K 0 ) = K 0 = {∅}, where ∅ denotes the empty partition. Now suppose n ≥ 1 and let m ∈ n. We will count the number of idempotents α from K n such that the kernel-class A of α containing 1 has size m. We first choose the remaining m − 1 elements of A, which we may do in n−1 m−1 ways. The restriction α| A is an irreducible idempotent from K A , and may be chosen in c(K A ) = c(K m ) ways, while the restriction α| n\A is an idempotent from K n\A , and may be chosen in e(K n\A ) = e(K n−m ) ways. Summing over all m ∈ n gives the recurrence, and completes the proof. ✷ It will also be convenient to record a result concerning the number of idempotents of a fixed rank. If K n is one of P n , B n , PB n and 0 ≤ r ≤ n, we write
So, by Theorem 1 and the fact that B n and PB n are regular subsemigroups of P n , the sets D r (K n ) are precisely the D-classes of K n . Note that D r (B n ) is non-empty if and only if n ≡ r (mod 2), as each non-transversal block of an element of B n has size 2. For a subset Σ ⊆ P n and an integer partition µ ⊢ n, we write
For a subset Σ of P n , and for r ∈ {0, 1}, let
So by Lemma 4, c(Σ) = c 0 (Σ) + c 1 (Σ).
Theorem 8. Suppose K n is one of P n , B n , PB n and 0 ≤ r ≤ n. Then
The values of c r (K n ) are given in Propositions 13, 17 and 22 .
So we require precisely r of the α i to have rank 1. For each subset A ⊆ k with |A| = r, there are
ways to choose the α i so that rank(α i ) = 1 if and only if i ∈ A. Summing over all such A gives the result. ✷ Remark 9. If K n is one of P n , B n , PB n , then the ideals of K n are precisely the sets
(See [24, 46] .) It follows immediately that the number of idempotents in such an ideal is given by e(I r (K n )) = s≤r e(D s (K n )), so these values may be deduced from the values of e(D s (K n )) given above.
We also give a recurrence for the numbers e(D r (K n )).
Theorem 10.
The numbers e(D r (K n )) satisfy the recurrence
; these values are given in Lemma 11 . The values of c r (K n ) are given in Propositions 13, 17 and 22. Proof. Note that D n (K n ) is the group of units of K n (which is the symmetric group S n ), so e(D n (K n )) = 1 for all n. Also, since every element of
where 1 ≤ r ≤ n − 1, and suppose the kernel-class A of α containing 1 has size m ∈ n. Then, as in the proof of Theorem 7, the restriction α| A belongs to C(K A ) and the restriction α| n\A belongs to E(K n\A ). But, since rank(α) = r, it follows that either
The proof concludes in a similar fashion to the proof of Theorem 7. ✷ As usual, for an odd integer k, we write k!! = k(k − 2) · · · 3 · 1, and we interpret (−1)!! = 1.
where B(n) is the nth Bell number, and a n satisfies the recurrence a 0 = a 1 = 1, a n = a n−1 + (n − 1)a n−2 for n ≥ 2.
Proof. The results concerning P n and B n are well-known; see for example the proof of [24, Theorems 7.5 and 8.4]. For the PB n statement, note that, since dom ∧ (α) = ∅ for all α ∈ D 0 (PB n ), Theorem 1 says that the R-classes of PB n are indexed by the equivalence relations ε on n that satisfy the condition that each equivalence class has size 1 or 2. Such equivalences are in one-one correspondence with the involutions (i.e., self-inverse permutations) of n, of which there are a n (see A000085 on the OEIS [1] ). ✷
Remark 12.
The completely regular elements of a semigroup are those that are H -related to an idempotent. Because the H -class of any idempotent from a (non-empty) D-class D r (K n ) is isomorphic to the symmetric group S r , it follows that the number of completely regular elements in K n is equal to n r=0 r!e(D r (K n )).
The partition monoid
In this section, we obtain formulae for c 0 (P n ), c 1 (P n ), c(P n ). Together with Theorems 7, 8 and 10, this yields formulae and recurrences for e(P n ) and e(D r (P n )). The key step is to enumerate the pairs of equivalence relations on n with specified numbers of equivalence classes and whose join is equal to the universal relation n × n.
Let E(n) denote the set of all equivalence relations on n. If ε ∈ E(n), we denote by n/ε the quotient of n by ε, which consists of all ε-classes of n. For r, s ∈ n, we define sets
and we write e(n, r, s) = |E(n, r, s)|.
e(n, r, s), c 1 (P n ) = r,s∈n
rs · e(n, r, s), c(P n ) = r,s∈n
(1 + rs)e(n, r, s).
A recurrence for the numbers e(n, r, s) is given in Proposition 15.
Proof. Let r, s ∈ n and consider a pair (ε, η) ∈ E(n, r, s). We count the number of idempotent partitions α ∈ C(P n ) such that ker ∧ (α) = ε and ker ∨ (α) = η. Clearly there is a unique such α satisfying rank(α) = 0. To specify such an α with rank(α) = 1, we must also specify one of the ε-classes and one of the η-classes to form the unique transversal block of α, so there are rs of these. Since there are e(n, r, s) choices for (ε, η), the statements follow after summing over all r, s. ✷ Remark 14. The numbers c 0 (P n ) count the number of pairs of equivalences on n whose join is n × n. These numbers may be found in Sequence A060639 on the OEIS [1] .
For the proof of the following result, we denote by ε ij ∈ E(n) the equivalence relation whose only non-trivial equivalence class is {i, j}. On a few occasions in the proof, we will make use of the (trivial) fact that if ε ∈ E(n, r), then ε ∨ ε ij has at least r − 1 equivalence classes. As usual, we write S(n, r) = |E(n, r)|; these are the (unsigned) Stirling numbers of the second kind.
Proposition 15.
The numbers e(n, r, s) = |E(n, r, s)| satisfy the recurrence:
e(n, r, 1) = S(n, r) e(n, 1, s) = S(n,
Proof. The r = 1 and s = 1 cases are clear, so suppose r, s ≥ 2. Consider a pair (ε, η) ∈ E(n, r, s).
We consider several cases. Throughout the proof, we will write n ♭ = {1, . . . , n − 1}.
Case 1. Suppose first that {n} is an ε-class. Let ε ′ = ε ∩ (n ♭ × n ♭ ) and η ′ = η ∩ (n ♭ × n ♭ ) denote the induced equivalence relations on n ♭ . Then we clearly have ε ′ ∈ E(n − 1, r − 1). Also, {n} cannot be an η-class, or else then {n} would be an ε ∨ η-class, contradicting the fact that ε ∨ η = n × n. It follows that η ′ ∈ E(n − 1, s).
Next we claim that ε ′ ∨ η ′ = n ♭ × n ♭ . Indeed, suppose to the contrary that ε ′ ∨ η ′ has k ≥ 2 equivalence classes. Let η ′′ ∈ E(n) be the equivalence on n obtained from η ′ by declaring {n} to be an η ′′ -class. Then ε ∨ η ′′ has k + 1 equivalence classes. But η = η ′′ ∨ ε in for some i ∈ n ♭ . It follows that ε ∨ η = (ε ∨ η ′′ ) ∨ ε in has (k + 1) − 1 = k ≥ 2 equivalence classes, contradicting the fact that ε ∨ η = n × n. So this establishes the claim.
It follows that (ε ′ , η ′ ) ∈ E(n − 1, r − 1, s). So there are e(n − 1, r − 1, s) such pairs. We then have to choose which block of η ′ to put n into when creating η, and this can be done in s ways. So it follows that there are s · e(n − 1, r − 1, s) pairs (ε, η) in Case 1.
Case 2. By symmetry, there are r · e(n − 1, r, s − 1) pairs (ε, η) in the case that {n} is an η-class.
Case 3. Now suppose that {n} is neither an ε-class nor an η-class. Again, let ε ′ , η ′ be the induced equivalences on n ♭ . This time, ε ′ ∈ E(n − 1, r) and η ′ ∈ E(n − 1, s). We now consider two subcases.
. By similar reasoning to that above, there are rs · e(n − 1, r, s) pairs (ε, η) in this case.
Case 3.2. Finally, suppose ε ′ ∨ η ′ = n ♭ × n ♭ , and denote by k the number of ε ′ ∨ η ′ -classes. We claim that k = 2. Indeed, suppose this is not the case. By assumption, k = 1, so it follows that k ≥ 3. Let ε ′′ and η ′′ be the equivalence relations on n obtained from ε ′ and η ′ by declaring {n} to be an ε ′′ -and η ′′ -class. Then ε ′′ ∨ η ′′ has k + 1 equivalence classes, and ε = ε ′′ ∨ ε in and η = η ′′ ∨ ε jn for some i, j ∈ n ♭ . So ε ∨ η = (ε ′′ ∨ η ′′ ) ∨ ε in ∨ ε jn has at least (k + 1) − 2 = k − 1 ≥ 2 equivalence classes, a contradiction. So we have proved the claim.
Denote by B 1 the ε ′ ∨ η ′ -class of n ♭ containing 1, and let the other ε ′ ∨ η ′ -class be B 2 , noting that 
We must also choose which blocks of ε ′ and η ′ to add n to, when creating ε, η from ε ′ , η ′ . But, in order to ensure that ε ∨ η = n × n, if we add n to one of the ε ′ -classes in B 1 , we must add n to one of the η ′ -classes in B 2 , and vice versa. So there are a(s − b) + b(r − a) choices for the blocks to add n to.
Multiplying the quantities obtained in the previous three paragraphs, and summing over the appropriate values of m, a, b, we get a total of Adding the values from all the above cases gives the desired result. ✷
The Brauer monoid
We now apply the general results above to derive a formula for e(B n ). As in the previous section, the key step is to obtain formulae for c 0 (B n ), c 1 (B n ), c(B n ), but the simple form of these values (see Proposition 17) allows us to obtain neat expressions for e(B n ) and e(D r (B n )) (see Theorem 18) . But first it will be convenient to prove a result concerning the graphs Γ(α), where α belongs to the larger partial Brauer monoid PB n , as it will be useful on several occasions (these graphs were defined after Theorem 1).
Lemma 16. Let α ∈ C(PB X ) where X is finite. Then Γ(α) is either a cycle or a path.
Proof. The result is trivial if |X| = 1, so suppose |X| ≥ 2. In the graph Γ(α), no vertex can have two red or two blue edges coming out of it, so it follows that the degree of each vertex is at most 2. It follows that Γ(α) is a union of paths and cycles. Since Γ(α) is connected, we are done. ✷
Proof. Let α be an irreducible idempotent from B n . By Lemma 4, and the fact that rank(β) ∈ {n, n−2, n−4, . . .} for all β ∈ B n , we see that rank(α) = 0 if n is even, while rank(α) = 1 if n is odd. If n is even, then by Lemma 16 and the fact that Γ(α) has the same number of red and blue edges, Γ(α) is a cycle 1−i 2 −i 3 − · · · −i n −1, where {i 2 , . . . , i n } = {2, . . . , n}, and there are precisely (n − 1)! such cycles. Similarly, if n is odd, then Γ(α) is a path i 1 −i 2 −i 3 − · · · −i n , where {i 1 , . . . , i n } = n, and there are n! such paths. ✷ Theorem 18. Let n ∈ N and put k = ⌊ n 2 ⌋. Then
Proof. By Theorem 7 and Proposition 17,
establishing the first statement. For the second, suppose µ = (m 1 , . . . , m k ) = (1 µ 1 , . . . , n µn ) ⊢ n. Theorem 8 gives
By Proposition 17, we see that for A ⊆ k with |A| = r,
in which case,
Summing over all µ ⊢ n with µ 1 + µ 3 + · · · = r gives the desired expression for e(D r (B n )). ✷ Proposition 17 also leads to a simple form of the recurrences from Theorems 7 and 10 for the numbers e(B n ) and e(D r (B n )).
Theorem 20.
The numbers e(B n ) satisfy the recurrence:
The numbers e(D r (B n )) satisfy the recurrence:
The partial Brauer monoid
As usual, the key step in calculating e(PB n ) is to obtain formulae for c(PB n ).
Proof. Let α be an irreducible idempotent from PB n . Suppose first that n is odd. By Lemma 16, whether rank(α) is equal to 0 or 1, Γ(α) is a path i 1 −i 2 −i 3 − · · · −i n , and there are n! such paths. Now suppose n is even. Then Γ(α) is either a cycle 1−i 2 −i 3 − · · · −i n −1, of which there are (n − 1)!, or else a path i 1 −i 2 −i 3 − · · · −i n or i 1 −i 2 −i 3 − · · · −i n , of which there are n!/2 of both kinds. All of these have rank(α) = 0, and adding them gives n! + (n − 1)! = (n + 1)
Proof. By Theorem 7 and Proposition 22,
giving the first statement. For the second, suppose µ = (m 1 , . . . , m k ) = (1 µ 1 , . . . , n µn ) ⊢ n. Theorem 8 gives
Let B µ = {i ∈ k : m i is odd}. By Proposition 22, we see that for A ⊆ k with |A| = r,
In particular, e µ (D r (PB n )) = 0 if and only if µ 1 + µ 3 + · · · = |B µ | ≥ r. For such a µ ⊢ n and for A ⊆ B µ with |A| = r,
Since there are
Summing over all µ ⊢ n with µ 1 + µ 3 + · · · ≥ r gives the required expression for e(D r (PB n )). ✷ Again, the recurrences for the numbers e(PB n ) and e(D r (PB n )) given by Theorems 7 and 10 take on a neat form.
Theorem 24.
The numbers e(PB n ) satisfy the recurrence:
The numbers e(D r (PB n )) satisfy the recurrence:
where the numbers a n are defined in Lemma 11. ✷
Other subsemigroups
We conclude this section with the observation that the general results above (Theorems 7, 8, 10) apply to many other subsemigroups of P n (though the initial conditions need to be slightly modified in Theorem 10). As observed in [19, 20, 23] , the full transformation semigroup and the symmetric and dual symmetric inverse semigroups T n , I n , I * n are all (isomorphic to) subsemigroups of P n :
• T n ∼ = {α ∈ P n : dom ∧ (α) = n and ker ∨ (α) = ∆},
• I n ∼ = {α ∈ P n : ker ∧ (α) = ker ∨ (α) = ∆},
where ∆ = {(i, i) : i ∈ n} denotes the trivial equivalence (that is, the equality relation), and the above mentioned theorems apply to these subsemigroups. For example, one may easily check that c(T n ) = c 1 (T n ) = n, so that Theorem 7 gives rise to the formula
and the recurrence
As noted in the Introduction, the usual formula is e(T n ) = n k=1 n k k n−k . The recurrence for e(I * n ), combined with the fact that e(I * n ) = B(n) is the nth Bell number [25] , leads to
a well-known identity. We leave it to the reader to explore further if they wish.
5 A different approach for B n and PB n
We now outline an alternative method for determining e(B n ) and e(PB n ). This approach will also allow us to determine the number of idempotents in an arbitrary R-, L -and D-class of B n and PB n . One advantage of this method is that we do not need to take sums over integer partitions; rather, everything depends on sequences defined by some fairly simple recurrence relations (see Theorems 30 and 32). The key idea is to define a variant of the graph Γ(α) in the case of α ∈ PB n .
Let α ∈ PB X . We define Λ ∧ (α) (resp. Λ ∨ (α)) to be the graph obtained from Γ ∧ (α) (resp. Γ ∨ (α)) by adding a red (resp. blue) loop at each vertex i ∈ X if {i} (resp. {i ′ }) is a block of α. And we define Λ(α) to be the graph with vertex set X and all the edges from both Λ ∧ (α) and Λ ∨ (α). Some examples are given in Figure 4 with X finite. Note that Λ(α) = Γ(α) if and only if α ∈ B X . Since the graph Λ ∧ (α) (resp. Λ ∨ (α)) determines (and is determined by) dom ∧ (α) and ker ∧ (α) (resp. dom ∨ (α) and ker ∨ (α)), we immediately obtain the following from Theorem 1. We now aim to classify the graphs on vertex set X that are of the form Λ(α) for some α ∈ PB X , and we will begin with the irreducible idempotents.
Lemma 27. Let α ∈ C(PB X ) where X is finite. Then Λ(α) is of one of the following four forms:
: an alternating-colour path of even length,
: an alternating-colour circuit of even length,
: an alternating-colour path of even length with loops,
or : an alternating-colour path of odd length with loops.
Proof. By Lemma 16, we know that Γ(α) is either a cycle or a path. If Γ(α) is a cycle, then Λ(α) = Γ(α) is of type (2) . Next suppose Γ(α) is a path, and write n = |X|. We consider the case in which n is odd (so the path is of even length). Re-labelling the elements of X if necessary, we may assume that Γ(α) is the path 1−2−3− · · · −n. Since Γ(α) completely determines ker ∧ (α) and ker ∨ (α), it follows that α must be one of or , in which case Λ(α) is of type (1) or (3), respectively. (Note that the preceeding discussion include the case n = 1, where we have Γ(α) = , so the two possibilities for Λ(α) are or , which are of type (1) and (3), respectively.) The case in which n is even is similar, and leads to Λ(α) being of type (4). The statement concerning B X is clear, seeing as elements of B X have no singleton blocks. ✷ Now consider a graph Λ with edges coloured red or blue. We say that Λ is balanced if it is a disjoint union of finitely many subgraphs of types (1-4) from Lemma 27. We call a balanced graph Λ reduced if it is a disjoint union of finitely many subgraphs of types (1-2) from Lemma 27. If X is a finite set, we write Bal(X) (resp. Red(X)) for the set of all balanced (resp. reduced balanced) graphs with vertex set X.
Proposition 28. If X is a finite set, then the maps
Φ : E(PB X ) → Bal(X) : α → Λ(α) and Ψ = Φ| E(B X ) : E(B X ) → Red(X) : α → Λ(α) = Γ(α) are bijections. If α ∈ E(PB X ), then rank(α) is
equal to the number of connected components of Λ(α) of type (1) as listed in Lemma 27.
Proof. Let α ∈ E(PB X ), and write α = α 1 ⊕ · · · ⊕ α k where α 1 , . . . , α k are the irreducible components of α. Then Λ(α) is the disjoint union of the subgraphs Λ(α 1 ), . . . , Λ(α k ), and is therefore reduced, by Lemma 27. If, in fact, α ∈ E(B X ), then each of Λ(α 1 ), . . . , Λ(α k ) must be of the form (1) or (2), since α has no blocks of size 1. This shows that Φ and Ψ do indeed map E(PB X ) and E(B X ) to Bal(X) and Red(X), respectively. Note also that rank(α) = rank(α 1 ) + · · · + rank(α k ) is equal to the number of rank 1 partitions among α 1 , . . . , α k , and that the rank of some β ∈ C(PB Y ) is equal to 1 if and only if Λ(β) is of type (1).
Let Λ ∈ Bal(X), and suppose Λ 1 , . . . , Λ k are the connected components of Λ, with vertex sets X 1 , . . . , X k , respectively. Then there exist irreducible idempotents α i ∈ C(P X i ) with Λ(α i ) = Λ i for each i, and it follows that Λ = Λ(
, then αH β by Corollary 26, so that α = β (as H is idempotent-separating), whence Φ (and hence also Ψ) is injective. ✷
The Brauer monoid
For α ∈ B n , we write
By Corollary 26, these are precisely the R-and L -classes of α in B n . At this point, it will be convenient to introduce an indexing set. Put n 0 = n ∪ {0}, and let I(n) = {r ∈ n 0 : n − r ∈ 2Z}. For r ∈ I(n), let D r (B n ) = {α ∈ B n : rank(α) = r}.
By Theorem 1, we see that these are precisely the D-classes of B n . We will need to know the number of R-classes (which is equal to the number of L -classes) in a given D-class of B n .
Lemma 29 (See the proof of [24, Theorem 8.4] ). For n ∈ N and r = n − 2k ∈ I(n), the number of R-classes (and
. Define a sequence a nr , for n ∈ N and r ∈ I(n), by
if n is even a nr = a n−1,r−1 + (n − r)a n−2,r if 1 ≤ r ≤ n − 2.
Then for any n ∈ N and r ∈ I(n), and with ρ nr as in Lemma 29:
Proof. Note that (iii) follows from (ii), which follows from (i) and Lemma 29, so it suffices to prove (i). Let α ∈ D r (B n ). Re-labelling the points from n, if necessary, we may assume that
Let A nr be the set of reduced balanced graphs on vertex set n with the same red edges as Γ ∧ (α). By Corollary 26 and Proposition 28, |A nr | = e(R α (B n )). Put a nr = |A nr |. We show that a nr satisfies the stated recurrence. By symmetry, e(L α (B n )) = a nr .
Clearly a nn = 1 for all n. If n is even, then a n0 is the number of ways to match the vertices from n with n/2 non-intersecting (blue) arcs, which is equal to (n − 1)!!. Suppose now that 1 ≤ r ≤ n − 2. Elements of A nr come in two kinds:
1. those for which 1 is a connected component of its own, and 2. those for which 1 is an endpoint of an even length alternating path.
There are clearly a n−1,r−1 elements of A nr of type 1. Suppose now that Γ ∈ A nr is a graph of type 2. There are n − r possible vertices for vertex 1 to be joined to by a blue edge. Suppose the vertex adjacent to 1 is x. Removing these two vertices, as well as the blue edge 1−x and the red edge adjacent to x (and relabelling the remaining vertices), yields an element of A n−2,r . Since this process is reversible, there are (n − r)a n−2,r elements of A nr of type 2. Adding these gives a nr = a n−1,r−1 + (n − r)a n−2,r . ✷
The partial Brauer monoid
For α ∈ PB n , we write
By Corollary 26, these are precisely the R-and L -classes of α in PB n . For r ∈ n 0 , let D r (PB n ) = {α ∈ PB n : rank(α) = r}.
Again, these are precisely the D-classes of PB n . But unlike the case of B n , it is not true that any two D-related elements of PB n are R-related to the same number of idempotents. So we will obtain a formula for e(R α (PB n )) that will depend on the paramaters r, t, where r = rank(α) and t is the number of singleton non-transversal upper-kernel classes. Note that n, r, t are constrained by the requirement that n − r − t is even. With this in mind, we define an indexing set
There is a dual statement of the following lemma, but we will not state it.
Lemma 31. For n ∈ N and (r, t) ∈ J(n), with n − r − t = 2k, the number of R-classes in D r (PB n ) in which each element has t singleton non-transversal upper-kernel classes is equal to
Proof. By Corollary 26, the number of such R-classes is equal to the number of graphs on vertex set n with r vertices of degree 0, t vertices with a single loop, and the remaining n − r − t vertices of degree 1. To specify such a graph, we first choose the vertices of degree 0 in n r ways. We then choose the vertices with loops in n−r t ways. And finally, we choose the remaining edges in (n − r − t − 1)!! = (2k − 1)!! ways. ✷ Theorem 32. Define a sequence a nrt , for n ∈ N and (r, t) ∈ J(n), by a nn0 = 1 for all n a n0t = a n if n − t is even a nrt = a n−1,r−1,t + (n − r − t)a n−2,r,t if n ≥ 2 and 1 ≤ r ≤ n − 1,
where the sequence a n is defined in Lemma 11. Then for any n ∈ N and (r, t) ∈ J(n), and with ρ nrt as in Lemma 31:
Proof. Again, it suffices to prove (i). Let α ∈ D r (PB n ). Re-labelling the points from n, if necessary, we may assume that
Let A nrt be the set of all balanced graphs on vertex set n with the same red edges as Λ ∧ (α). Again, by Corollary 26 and Proposition 28, it suffices to show that the numbers a nrt = |A nrt | satisfy the stated recurrence.
It is clear that a nn0 = 1 for all n. If r = 0 (and n − t is even), then we may complete Λ ∧ (α) to a graph from A n0t by adding as many (non-adjacent) blue edges as we like, and adding blue loops to the remaining vertices. Again, such assignments of blue edges are in one-one correspondence with the involutions of n, of which there are a n . Now suppose n ≥ 2 and 1 ≤ r ≤ n − 1. By inspection of (1) (2) (3) (4) in Lemma 27, we see that elements of A nrt come in two kinds:
1. those for which 1 is a connected component of its own, and 2. those for which 1 is an endpoint of an even length alternating path (with no loops).
The proof concludes in similar fashion to that of Theorem 30. ✷
Idempotents in diagram algebras
Let α, β ∈ P n . Recall that the product αβ ∈ P n is defined in terms of the product graph Γ(α, β). Specifically, A is a block of αβ if and only if A = B ∩ (n ∪ n ′ ) = ∅ for some connected component B of Γ(α, β). In general, however, the graph Γ(α, β) may contain some connected components strictly contained in the middle row n ′′ , and the partition algebra P ξ n is designed to take these components into account. We write m(α, β) for the number of connected components of the product graph Γ(α, β) that are entirely contained in the middle row. It is important to note (and trivially true) that m(α, β) ≤ n for all α, β ∈ P n . Now let F be a field and fix some ξ ∈ F . We denote by P ξ n the F -algebra with basis P n and product • defined on basis elements α, β ∈ P n (and then extended linearly) by
If α, β, γ ∈ P n , then m(α, β)+m(αβ, γ) = m(α, βγ)+m(β, γ), and it follows that P ξ n is an associative algebra. We may also speak of the subalgebras of P ξ n spanned by B n and PB n ; these are the Brauer and partial Brauer algebras B ξ n and PB ξ n , respectively. See [39] for a survey-style treatment of the partition algebras.
In this section, we determine the number of partitions α ∈ P n such that α is an idempotent basis element of P ξ n ; that is, α • α = α. These numbers depend on whether ξ is a root of unity. As such, we define M = m if ξ is an mth root of unity where m ≤ n 0 otherwise.
If K n is one of P n , B n , PB n , we will write
Theorem 33. Let α ∈ P n , and suppose the kernel-classes of α are X 1 , . . . , X k . Then the following are equivalent:
the following three conditions are satisfied:
(ii) the restrictions α| X i all have rank at most 1, (iii) the number of restrictions α| X i of rank 0 is a multiple of M .
Proof. First, note that if α ∈ E(P n ), then Theorem 5 gives α = α 1 ⊕ · · · ⊕ α k where α i = α| X i ∈ C(P X i ) for each i, and r = rank(α) = rank(α 1 ) + · · · + rank(α k ) with rank(α i ) ∈ {0, 1} for each i. Re-labelling the X i if necessary, we may suppose that rank(α 1 ) = · · · = rank(α r ) = 1. Then the connected components contained entirely in X ′′ in the product graph Γ(α, α) are precisely the sets
Since α ∈ E(P n ), it follows from the first paragraph that k − r = m(α, α) ∈ M Z, and so (2) holds.
Next, suppose (2) holds. Since α ∈ E(P n ), Theorem 5 tells us that (i) and (ii) hold. Write α = α 1 ⊕· · ·⊕α k where α i = α| X i ∈ C(P X i ) for each i. The set {i ∈ k : rank(α i ) = 0} has cardinality m(α, α), which is equal to k − rank(α) by the first paragraph. By assumption, k − rank(α) ∈ M Z, so (iii) holds.
Finally, suppose (3) holds and write α i = α| X i for each i. Since rank(α i ) ≤ 1 and X i is a kernel-class of α, it follows that α i ∈ P X i is irreducible and so α i ∈ C(P X i ) by Lemma 4. For each i ∈ k, let
Then l 1 + · · · + l k is a multiple of M by assumption, and (2) of the previous theorem says that rank(α) = k. Also, conditions (ii) and (iii) in part (3) may be replaced with the simpler statement that the restrictions α| X i all have rank 1. If M = 1, then ξ = 1 so P ξ n is the (non-twisted) semigroup algebra of P n and E ξ (P n ) = E(P n ); in this case, Theorem 33 reduces to Theorem 5.
We are now ready to give formulae for e ξ (K n ) where K n is one of P n , B n , PB n . It will be convenient to give separate statements depending on whether M = 0 or M > 0. The next result is proved in an almost identical fashion to Theorem 7, relying on Theorem 33 rather than Theorem 5.
Theorem 35. If M = 0 and K n is one of P n , B n , PB n , then
The numbers e ξ (K n ) satisfy the recurrence:
The values of c 1 (K n ) are given in Propositions 13, 17 and 22 . ✷
Recall that if α ∈ P n has kernel-classes X 1 , . . . , X k with |X 1 | ≥ · · · ≥ |X k |, then the integer partition µ(α) is defined to be (|X 1 |, . . . , |X k |). For a subset Σ ⊆ P n and an integer partition µ ⊢ n, we write
If µ = (m 1 , . . . , m k ) ⊢ n, we call k the height of µ, and we write k = h(µ). The next result follows quickly from Theorem 33.
Theorem 36. Suppose M > 0, and let K n be one of P n , B n , PB n . Then
The values of e µ (D r (K n )) are given in Theorem 8 . ✷
We may also derive recurrences for the values of e ξ (D r (K n )) in the case M = 0. Things get more complicated when M > 0 since the question of whether or not an element of E(K n ) belongs additionally to E ξ (K n ) depends not just on its rank but also on the number of kernel classes. We will omit the M > 0 case.
Theorem 37. If M = 0 and K n is one of P n , B n , PB n , then the numbers e ξ (D r (K n )) satisfy the recurrence:
The values of c 1 (K n ) are given in Propositions 13, 17 and 22. ✷
We now use Theorems 35 and 36 to derive explicit values for e ξ (B n ) and e ξ (PB n ) in the case M = 0. In fact, since c 1 (B n ) = c 1 (PB n ) by Propositions 17 and 22, it follows that e ξ (B n ) = e ξ (PB n ) in this case. These numbers seem to be Sequence A088009 on the OEIS [1] , although it is difficult to understand why. We may also use the methods of Section 5 to derive recurrences for the number of elements from an R-, L -or D-class of B n or PB n that satisfy α = α • α in P ξ n with M = 0. Recall that I(n) = {r ∈ n 0 : n − r ∈ 2Z}.
Theorem 40. Define a sequence b nr , for n ∈ N and r ∈ I(n), by
for all n b n0 = 0 if n ≥ 2 is even b nr = b n−1,r−1 + (n − r)b n−2,r if 1 ≤ r ≤ n − 2.
Then for any n ∈ N and r ∈ I(n), and with M = 0 and ρ nr as in Lemma 29: (i) e ξ (R α (B n )) = e ξ (L α (B n )) = b nr for any α ∈ D r (B n ),
(ii) e ξ (D r (B n )) = ρ nr b nr , (iii) e ξ (B n ) = r∈I(n) ρ nr b nr .
Proof. The proof is virtually identical to the proof of Theorem 30, except we require b n0 = 0 if n ≥ 2 is even since reduced balanced graphs with n vertices and n/2 red (and blue) edges correspond to elements of D 0 (B n ), and these do not belong to E ξ (B n ) by Theorem 33. ✷ Remark 41. If α ∈ PB n , then E(R α (PB n )) is non-empty if and only if R α (PB n ) has non-trivial intersection with B n , in which case e(R α (PB n )) = b nr where r = rank(α). (This is because β ∈ E ξ (R α (PB n )) if and only if the connected components of Λ(β) are all of type (1) as stated in Lemma 27 , in which case β ∈ E ξ (B n ).) A dual statement can be made concerning L -classes. It follows that e ξ (D r (PB n )) = e ξ (D r (B n )) = ρ nr b nr for all r ∈ I(n), and e ξ (PB n ) = e ξ (B n ) = r∈I(n) ρ nr b nr .
Calculated values
In this section, we list calculated values of c 0 (K n ), c 1 (K n ), c(K n ), e(K n ), e ξ (K n ) where K n is one of P n , B n , PB n and where M = 0. We also give values of e(D r (K n )) and e ξ (D r (K n )) where M = 0, and e(R α (B n )) and e ξ (R α (B n )) for α ∈ D r (B n ). Table 2 : Calculated values of c 0 (PB n ), c 1 (PB n ), c(PB n ), e(PB n ), e ξ (PB n ) with M = 0. Table 3 : Calculated values of c 0 (P n ), c 1 (P n ), c(P n ), e(P n ), e ξ (P n ) with M = 0.
n \ r 0 1 2 3 4 5 6 7 8 9 10 0 1  1  1  2  1  1  3  9  1  4  9  30  1  5  225  70  1  6  225  1575  135  1  7  11025  6615  231  1  8  11025  132300  20790  364  1  9  893025  873180  54054  540  1  10  893025  16372125  4054050  122850  765  1   Table 4 : Calculated values of e(D r (B n )).
n \ r
